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DAGS with NO TEARS

Learning directed acyclic graphs

- There are several score based hill-climbing algorithms for structure
learning of directed acyclic graphs.

- They learn via the following optimization problem:

min
G

loss(G) s.t. G ∈ DAG

- What constitutes a good score function?

▶ Number should be low if the model explains the data and high if it
does not.

▶ When learning p(y|x) we maximize the log-likelihood of labels y given
features x to learn parameters of the conditional distribution.

▶ Posit a class of functions that generates the observations and use fit to
data for learning structure.
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Learning DAGs with linear structural causal models

- We can represent any d-dimensional graph of linear structural causal
models in matrix notation as follows:

1. Let W ∈ Rd×d be a weight matrix representing the strength of edges
and G(W ) denote the graph,

2. B ∈ {0, 1}d×d where B[i, j] = 0 ⇐⇒ wij = 0 is the (binary) adjacency
matrix,

3. xj = w⊤
j X + ϵj where X = (X1, . . . , Xd) are each dimensions of data

(nodes in the graph) and ϵ = (ϵ1, . . . , ϵd) are noise variables,

4. For data matrix D, we can measure fit to data via a least-squares loss
l(W,D) = 1

2n
||D −DW ||2F .

5. We can regularize the loss function to learn a sparse DAG fits the data:
F (W,D) = l(W,D) + λ||W ||1.

6. Finding DAGs then reduces to minW∈Rd×d F (W,D) s.t. G(W ) ∈ DAGs
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Searching over DAGs

▶ Optimization problem is NP hard. Challenging due to the constraint in
the optimization problem,

▶ Acyclicity is a combinatorial constraint with the number of structures
increasing super exponentially in d,

▶ DAGS with NO TEARS, Zheng et al., 2018, comes up with a creative
solution to this problem!
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Insight 1: Binary Adjacency Matrices and cycles

▶ Fact 1: trBk counts the number of length k closed paths (cycles) in a
directed graph,

▶ Fact 2: DAG has no cycle iff
∑∞

k=1

∑d
i=1(B

k)ii = 0

▶ Consequence, B is a DAG iff tr(I−B)−1 = d

tr(I−B)−1 = tr

∞∑
k=0

Bk (Infinite geometric series)

= tr I+ tr

∞∑
k=1

Bk

= d+

∞∑
k=1

d∑
i=1

(Bk)ii

= d

However Bk is difficult to compute and represent in computer memory.
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Insight 2: Matrix exponents and weighted graphs

▶ We can use the matrix exponential expX =
∑∞

k=0
1
k!
Xk which is

well-defined.

▶ Consequence, B is a DAG iff tr expB = d, and its extension to the
graph with weighted edges (Linear SCM) case yields:

Theorem - Characterizing DAGs with matrix exponents Zheng et al.,
2018

A matrix W ∈ Rd×d is a DAG iff:

h(W ) = tr exp(W ◦W )− d = 0

where ◦ is the Hadamard product and

∇Wh(W ) = exp(W ◦W )T ◦ 2W
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DAGS with NO TEARS

Smooth characterizations of acyclicity

▶ h(W ) = 0 iff W is acyclic (i.e. G(W) represents a DAG),

▶ h(W ) quantifies the DAGness of a graph,

▶ h is smooth and has easy to compute derivatives.

Now, structure learning of a DAG (under a linear SCM) can be done
via : minW∈Rd×d F (W ) s.t. h(W ) = 0.
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Extensions and future work

▶ There are non-linear extensions to this idea Lachapelle et al., 2019; Yu
et al., 2021; may be interesting to explore for your projects!

▶ We learn structure and parameters jointly – should we?
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Questions?

Question

Any questions on structure learning?
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Backdoor criterion and the adjustment formula

Backdoor criterion

A set of variables X satisfies the backdoor criterion relative to sets
of variables T and Y in a DAG G if

1. no node in X is a descendant of a node in T , and

2. X blocks/d-separates every path between T and Y that
contains an arrow to T (backdoor paths)

In the previous example, sets {C} or {W} or {C,W} all satisfy the
backdoor criterion relative to T , Y (but not {M}).

Theorem - Backdoor adjustment formula

If X satisfies the backdoor criterion relative to T , Y , then the inter-
ventional distribution P (Y |do(T )) is identifiable and is given by

P (Y = y|do(T = t)) =
∑
x

P (Y = y|T = t,X = x)P (X = x)
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Frontdoor criterion and adjustment formula

We were able to identify the causal effect even when the backdoor criterion
was not satisfied

Frontdoor criterion

A set of variables M satisfies the frontdoor criterion relative to sets
of variables T and Y in a DAG G if

1. M blocks all directed paths from T to Y ;

2. no unblocked backdoor path from T to M ; and

3. all backdoor paths from M to Y are blocked by T .

Theorem - Frontdoor adjustment formula

If M satisfies the frontdoor criterion relative to T , Y , then the inter-
ventional distribution P (Y |do(T )) is identifiable and is given by

P (Y = y|do(T = t)) =
∑
m

P (m|t)
∑
t′

P (y|t′,m)P (t′)

11 / 37



Structure learning ctd.
Identifiability

Estimation
References

Backdoor and Frontdoor adjustment
Do-calculus

What if backdoor and frontdoor criteria don’t work?

T Y

X

WU1

U2

We are interested in the causal effect of cardiac output (T ) on the blood pressure
(Y ). X is the heart rate and W is catecholamine (a stress hormone). The levels of
total peripheral resistance (U1) and analgesia (U2) are unobserved. 1

▶ There is an unobserved backdoor path between T and Y ,
T,U1,W,U2, Y : Backdoor criterion,

▶ There is no mediator between T and Y : Frontdoor criterion,

▶ We can use do-calculus to decide if P (Y |do(T )) is identifiable.

1Figure 1.a in Jung, Tian, and Bareinboim, 2021.
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Pearl’s do-calculus

▶ do-calculus is a set of three inference rules that allows us to convert an
interventional quantity into a probability expression involving observed
quantities

▶ We’ll consider general quantities P (Y |do(T = t), X = x) for arbitrary
(sets of) variables T , X, Y

P (Y |do(T = t), X = x) :=
P (Y,X = x|do(T = t))

P (X = x|do(T = t))

▶ Notation. Graph GC,M

C

T W

M

Y

13 / 37



Structure learning ctd.
Identifiability

Estimation
References

Backdoor and Frontdoor adjustment
Do-calculus

Pearl’s do-calculus

▶ do-calculus is a set of three inference rules that allows us to convert an
interventional quantity into a probability expression involving observed
quantities

▶ We’ll consider general quantities P (Y |do(T = t), X = x) for arbitrary
(sets of) variables T , X, Y

P (Y |do(T = t), X = x) :=
P (Y,X = x|do(T = t))

P (X = x|do(T = t))

▶ Notation. Graph G

C

T W

M

Y

13 / 37



Structure learning ctd.
Identifiability

Estimation
References

Backdoor and Frontdoor adjustment
Do-calculus

Pearl’s do-calculus

▶ do-calculus is a set of three inference rules that allows us to convert an
interventional quantity into a probability expression involving observed
quantities

▶ We’ll consider general quantities P (Y |do(T = t), X = x) for arbitrary
(sets of) variables T , X, Y

P (Y |do(T = t), X = x) :=
P (Y,X = x|do(T = t))

P (X = x|do(T = t))

▶ Notation. Graph GM

C

T W

M

Y

13 / 37



Structure learning ctd.
Identifiability

Estimation
References

Backdoor and Frontdoor adjustment
Do-calculus

Pearl’s do-calculus

▶ do-calculus is a set of three inference rules that allows us to convert an
interventional quantity into a probability expression involving observed
quantities

▶ We’ll consider general quantities P (Y |do(T = t), X = x) for arbitrary
(sets of) variables T , X, Y

P (Y |do(T = t), X = x) :=
P (Y,X = x|do(T = t))

P (X = x|do(T = t))

▶ Notation. Graph GM

C

T W

M

Y

13 / 37



Structure learning ctd.
Identifiability

Estimation
References

Backdoor and Frontdoor adjustment
Do-calculus

Pearl’s do-calculus

▶ do-calculus is a set of three inference rules that allows us to convert an
interventional quantity into a probability expression involving observed
quantities

▶ We’ll consider general quantities P (Y |do(T = t), X = x) for arbitrary
(sets of) variables T , X, Y

P (Y |do(T = t), X = x) :=
P (Y,X = x|do(T = t))

P (X = x|do(T = t))

▶ Notation. Graph GC,M

C

T W

M

Y

13 / 37



Structure learning ctd.
Identifiability

Estimation
References

Backdoor and Frontdoor adjustment
Do-calculus

Rule 1 of do-calculus - Insertion/deletion of observations

P (Y |do(T = t), X,W ) = P (Y |do(T = t),W ) if Y ⊥⊥G
T

X|T,W

Intuition:
▶ In the interventional/mutilated graph GT , every path from T is causal.

Therefore we can simplify the rule as:

P (Y |T = t,X,W ) = P (Y |T = t,W ) if Y ⊥⊥G X|T,W

Generalization of d-separation

W

W

T

T

X Y
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Do-calculus

Rule 2 of do-calculus - Action/observation exchange

P (Y |do(T = t), do(X = x),W ) = P (Y |do(T = t), X = x,W ) if Y ⊥⊥G
T,X

X|T,W

Intuition:
▶ Removing all edges to T results in the interventional graph and:

P (Y |T = t, do(X = x)),W ) = P (Y |T = t,X = x,W ) if Y ⊥⊥GX
X|T,W

▶ If all backdoor paths from X to Y are blocked by T and W after
removing the links between X and it’s descendants, then conditioning
on X = intervention on X

Generalization of backdoor criterion

U

T X Y

P (Y |do(T = t), do(X = x)) =

P (Y |do(T = t), X = x) Y ⊥⊥G
T,X

X
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Do-calculus

Rule 3 of do-calculus - Insertion/deletion of actions

Let X = XW-Anc ∪XW-Rest:

P (Y |do(T = t), do(X = x),W ) = P (Y |do(T = t),W ) if Y ⊥⊥G
T,XW-Rest

X|T,W

XW-Rest is the set of nodes in X that not ancestors of any node (e.g.
descendants of some nodes) in set W in GT .

▶ Removing all edges to T results in the interventional graph and:

P (Y |T = t, do(X = x),W ) = P (Y |T = t,W ) if Y⊥⊥G
XW-Rest

X|T,W

▶ We already know that Y ⊥⊥ XW-Anc|W (by definition),

▶ Now in GXW-Rest
we know that if there is a relationship between X and

Y , it must be causal,

▶ Therefore the rule says that if Y ⊥⊥ X|T,W in GXW-Rest
then

interventions on XW-Rest can be freely inserted/deleted because we are
guaranteed no causal paths and all non-causal paths are already
blocked by W .
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Rule 3 of do-calculus - Example

Figure: G

XW-Anc T

WXW-Rest Y

Figure: GT,XW-Rest

XW-Anc TT

WWXW-Rest Y
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do-calculus is complete1

Theorem - Completeness of do-calculus

A causal effect P (Y = y|do(T = t)) is identifiable if and only if there
exists a finite sequence of transformations, each conforming to one of
the following inference rules that reduce P (Y = y|do(T = t)) into an
expression involving observed quantities

1. Rule 1:

P (Y |do(T = t), X,W ) = P (Y |do(T = t),W ) if Y ⊥⊥G
T

X|T,W

2. Rule 2:

P (Y |do(T = t), do(X = x),W ) = P (Y |do(T = t), X = x,W )

if Y ⊥⊥G
T,X

X|T,W

3. Rule 3:

P (Y |do(T = t), do(X = x),W ) = P (Y |do(T = t),W )

if Y ⊥⊥G
T,XW-Rest

X|T,W

1Proof in Huang and Valtorta, 2012 and Shpitser and Pearl, 2012
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Intuition for the rules of do-calculus

▶ Each rule first applies the intervention to the treatment resulting in GT ,

▶ Rule 1: Add/remove any variables that are d-separated in the
interventional graph,

▶ Rule 2: We can replace conditioning with interventions whenever we
are guaranteed that T,W block all backdoor paths,

▶ Rule 3: We can add/delete interventions over a set X as long as there
are no direct causal paths between X and Y in the set of X that are
non-ancestors of W (since W blocks the influence of the remaining set
of X on Y ).
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Questions?

Question

Any questions on do-calculus?
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Example - Identification with do-calculus

P (y|do(T = t))

= P (y|do(T = t), do(X = x)) (Rule 3: insertion of actions - Y ⊥⊥G
T,X

X|T )

= P (y|T = t, do(X = x)) (Rule 2: action/observation exchange - Y ⊥⊥G
X,T

T |X)

=
P (y, t|do(X = x))

P (t|do(X = x))

=

∑
w P (y, t|W = w, do(X = x))P (w|do(X = x))∑
w P (t|W = w, do(X = x)P (w|do(X = x))

(Marginalization over W )

=

∑
w P (y, t|W = w, do(X = x))P (w)∑
w P (t|W = w, do(X = x)P (w)

(Rule 3: deletion of actions - W ⊥⊥G
X

X)

=

∑
w P (y, t|W = w,X = x)P (w)∑
w P (t|W = w,X = x)P (w)

(Rule 2: action/observation exchange - T, Y ⊥⊥GX
X|W )

T Y

X

W

W

U1

U2

21 / 37



Structure learning ctd.
Identifiability

Estimation
References

Backdoor and Frontdoor adjustment
Do-calculus

Example - Identification with do-calculus

P (y|do(T = t))

= P (y|do(T = t), do(X = x)) (Rule 3: insertion of actions - Y ⊥⊥G
T,X

X|T )

= P (y|T = t, do(X = x)) (Rule 2: action/observation exchange - Y ⊥⊥G
X,T

T |X)

=
P (y, t|do(X = x))

P (t|do(X = x))

=

∑
w P (y, t|W = w, do(X = x))P (w|do(X = x))∑
w P (t|W = w, do(X = x)P (w|do(X = x))

(Marginalization over W )

=

∑
w P (y, t|W = w, do(X = x))P (w)∑
w P (t|W = w, do(X = x)P (w)

(Rule 3: deletion of actions - W ⊥⊥G
X

X)

=

∑
w P (y, t|W = w,X = x)P (w)∑
w P (t|W = w,X = x)P (w)

(Rule 2: action/observation exchange - T, Y ⊥⊥GX
X|W )

T Y

X

W

W

U1

U2

21 / 37



Structure learning ctd.
Identifiability

Estimation
References

Backdoor and Frontdoor adjustment
Do-calculus

Example - Identification with do-calculus

P (y|do(T = t))

= P (y|do(T = t), do(X = x)) (Rule 3: insertion of actions - Y ⊥⊥G
T,X

X|T )

= P (y|T = t, do(X = x)) (Rule 2: action/observation exchange - Y ⊥⊥G
X,T

T |X)

=
P (y, t|do(X = x))

P (t|do(X = x))

=

∑
w P (y, t|W = w, do(X = x))P (w|do(X = x))∑
w P (t|W = w, do(X = x)P (w|do(X = x))

(Marginalization over W )

=

∑
w P (y, t|W = w, do(X = x))P (w)∑
w P (t|W = w, do(X = x)P (w)

(Rule 3: deletion of actions - W ⊥⊥G
X

X)

=

∑
w P (y, t|W = w,X = x)P (w)∑
w P (t|W = w,X = x)P (w)

(Rule 2: action/observation exchange - T, Y ⊥⊥GX
X|W )

T Y

X

W

W

U1

U2

21 / 37



Structure learning ctd.
Identifiability

Estimation
References

Backdoor and Frontdoor adjustment
Do-calculus

Example - Identification with do-calculus

P (y|do(T = t))

= P (y|do(T = t), do(X = x)) (Rule 3: insertion of actions - Y ⊥⊥G
T,X

X|T )

= P (y|T = t, do(X = x)) (Rule 2: action/observation exchange - Y ⊥⊥G
X,T

T |X)

=
P (y, t|do(X = x))

P (t|do(X = x))

=

∑
w P (y, t|W = w, do(X = x))P (w|do(X = x))∑
w P (t|W = w, do(X = x)P (w|do(X = x))

(Marginalization over W )

=

∑
w P (y, t|W = w, do(X = x))P (w)∑
w P (t|W = w, do(X = x)P (w)

(Rule 3: deletion of actions - W ⊥⊥G
X

X)

=

∑
w P (y, t|W = w,X = x)P (w)∑
w P (t|W = w,X = x)P (w)

(Rule 2: action/observation exchange - T, Y ⊥⊥GX
X|W )

T Y

X

W

W

U1

U2

21 / 37



Structure learning ctd.
Identifiability

Estimation
References

Backdoor and Frontdoor adjustment
Do-calculus

Example - Identification with do-calculus

P (y|do(T = t))

= P (y|do(T = t), do(X = x)) (Rule 3: insertion of actions - Y ⊥⊥G
T,X

X|T )

= P (y|T = t, do(X = x)) (Rule 2: action/observation exchange - Y ⊥⊥G
X,T

T |X)

=
P (y, t|do(X = x))

P (t|do(X = x))

=

∑
w P (y, t|W = w, do(X = x))P (w|do(X = x))∑
w P (t|W = w, do(X = x)P (w|do(X = x))

(Marginalization over W )
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X
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Questions?

Question

Any questions on do-calculus?
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The story thus far

Figure: On the feasibility of causal inference
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Parametric/Conditional Outcome Models

Estimation

▶ Thus far we have studied how to map from causal quantities onto
statistical estimands.

▶ We’ll turn to estimation - how to map from data onto a statistical
estimand.

▶ One of the areas where ideas from machine learning can play a big role
in causal inference.

Causal estimand

ATE, CATE,

P (Y |do(T = t)), . . .

Statistical estimand

EX [E[Y |X, T = t]] , . . .

Identification

Causal models

Estimation ÂTE, ̂CATE,

P̂ (Y |do(T = t)), . . .

Samples from P (X, T, Y )

Lecture 3 Lecture 4
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Parametric/Conditional Outcome Models

Estimation in supervised learning

Consider the following regression model:

▶ Data: X ∈ RN×D;Y ∈ RN×1; xi, yi denote rows of each matrix.

▶ Model (trained): f(x; θ∗) = W ∗x, or f(x; θ∗) = W ∗
2 (σ(W

∗
1 x))

▶ Estimating the risk of a regression model:

▶ Estimand for risk: E[R[(f(X, θ∗), Y ]]; R(ŷ, y) = 1
2
(y − ŷ)2

▶ Estimator: E[R(f(X, θ∗), Y )] = 1
N

∑N
i=1 R(f(xi, θ

∗), yi)

▶ Conditional expectation of outcomes:
▶ Estimand for conditional expectation: E[Y |X = x]

▶ Non-parameteric estimator:

E[Y |X = x] = 1∑N
j=1 I[xj=x]

∑N
i=1 yiI[xi = x]

▶ Parametric estimator: E[Y |X = x] = f(x, θ∗)

We can use a predictive model to get an estimate of a
conditional expectation!
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Parametric/Conditional Outcome Models

Estimation of the G-formula/Backdoor adjustment

Focus on estimation in the backdoor setting today! Assuming
positivity/unconfoundedness/graphical criteria for identifiability we obtain
the following estimands for Average Treatment Effects:

▶ Let X be the adjustment set/backdoor path in the causal Bayesian
network.

▶ Potential outcomes / Backdoor adjustment:
E[Y1 − Y0] = EX [E[Y |T = 1, X]− E[Y |T = 0, X]]

Strategy: Use predictive models to approximate Estimand 1 and 2.

EW [E[Y |T = 1, X]︸ ︷︷ ︸
Estimand 1

−E[Y |T = 0, X]︸ ︷︷ ︸
Estimand 2

]
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Using models to estimate the G-formula

The use of parameteric methods to estimate the effect of interventions goes
by many names:

▶ G-computation estimators

▶ Parametric G-formula

▶ Standardization

▶ S-learner

27 / 37



Structure learning ctd.
Identifiability

Estimation
References

Parametric/Conditional Outcome Models

Conditional outcome modeling
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t

Figure: Using machine learning to fit conditional expectations

▶ D = {(x1, t1, y1), . . . , (xN , tN , yN ), . . . , (xN+Ñ , tN+Ñ , yN+Ñ},
▶ Fit f(x, t) ≈ E[Y |X,T ] using {(xN , tN , yN ), . . . , (xN+Ñ , tN+Ñ , yN+Ñ )},

▶ ĈATE(x) = f(x, 1)− f(x, 0),

▶ ÂTE = 1
N

∑N
i=1 f(xi, 1)− f(xi, 0)
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Grouped conditional outcome modeling
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f0(x)
<latexit sha1_base64="5Ra9nLvZWvhDk8yD+NHJEW4J5kA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx6MVjBfsB7VKyabaNzSZLkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDPz249UaSbFvZnE1I/wULCQEWys1Ar7XvnpvF8suRV3DrRKvIyUIEOjX/zqDSRJIioM4VjrrufGxk+xMoxwOi30Ek1jTMZ4SLuWChxR7afza6fozCoDFEplSxg0V39PpDjSehIFtjPCZqSXvZn4n9dNTHjlp0zEiaGCLBaFCUdGotnraMAUJYZPLMFEMXsrIiOsMDE2oIINwVt+eZW0LiperVK9q5bq11kceTiBUyiDB5dQh1toQBMIPMAzvMKbI50X5935WLTmnGzmGP7A+fwBlk2Ofg==</latexit>

f1(x)

Figure: Using machine learning to fit grouped conditional expectations

▶ Let Dtr = {(xN , tN , yN ), . . . , (xN+Ñ , tN+Ñ , yN+Ñ )} = D1 ∪ D0,

▶ D1 = {(x1, 1, y1), . . . , (xk, 1, yk)} & D0 = {(x′
1, 0, y

′
1), . . . , (x

′
k′ , 0, y′

k′)},
▶ Fit f1(x) ≈ E[Y |X] using D1 and f0(x) ≈ E[Y |X] using D0,

▶ ĈATE(x) = f1(x)− f0(x),

▶ ÂTE = 1
N

∑N
i=1 f1(xi)− f0(xi)
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<latexit sha1_base64="+uQyNRflh6ZfpBt0Osl+e4sjuBk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6quNBg==</latexit>y

<latexit sha1_base64="CrLcgGPFPZRKE07vcCRVoa88e2k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP7ZUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+ien53Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcNGo2o</latexit>x0
<latexit sha1_base64="QRlFKTdZFTH2TZmCLuq5ispBsxg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+ien53Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcOno2p</latexit>x1

<latexit sha1_base64="h8imOTn76EUqXirDjEaEdDZDkW4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BPXiMaB6QLGF2MkmGzM4uM71iWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMYXU/95iPXRkTqAccx90M6UKIvGEUr3T91b7rFklt2ZyDLxMtICTLUusWvTi9iScgVMkmNaXtujH5KNQom+aTQSQyPKRvRAW9bqmjIjZ/OTp2QE6v0SD/SthSSmfp7IqWhMeMwsJ0hxaFZ9Kbif147wf6lnwoVJ8gVmy/qJ5JgRKZ/k57QnKEcW0KZFvZWwoZUU4Y2nYINwVt8eZk0zsreeblyVylVr7I48nAEx3AKHlxAFW6hBnVgMIBneIU3RzovzrvzMW/NOdnMIfyB8/kDK2qNvA==</latexit>xD

<latexit sha1_base64="+uQyNRflh6ZfpBt0Osl+e4sjuBk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6quNBg==</latexit>y

<latexit sha1_base64="CrLcgGPFPZRKE07vcCRVoa88e2k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP7ZUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+ien53Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcNGo2o</latexit>x0
<latexit sha1_base64="QRlFKTdZFTH2TZmCLuq5ispBsxg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+ien53Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcOno2p</latexit>x1

<latexit sha1_base64="h8imOTn76EUqXirDjEaEdDZDkW4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BPXiMaB6QLGF2MkmGzM4uM71iWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMYXU/95iPXRkTqAccx90M6UKIvGEUr3T91b7rFklt2ZyDLxMtICTLUusWvTi9iScgVMkmNaXtujH5KNQom+aTQSQyPKRvRAW9bqmjIjZ/OTp2QE6v0SD/SthSSmfp7IqWhMeMwsJ0hxaFZ9Kbif147wf6lnwoVJ8gVmy/qJ5JgRKZ/k57QnKEcW0KZFvZWwoZUU4Y2nYINwVt8eZk0zsreeblyVylVr7I48nAEx3AKHlxAFW6hBnVgMIBneIU3RzovzrvzMW/NOdnMIfyB8/kDK2qNvA==</latexit>xD

<latexit sha1_base64="C54t7wkufGM09mXwMTnSKGVchMQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx6MVjBfsB7VKyabaNzSZLkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDPz249UaSbFvZnE1I/wULCQEWys1Ar7bvnpvF8suRV3DrRKvIyUIEOjX/zqDSRJIioM4VjrrufGxk+xMoxwOi30Ek1jTMZ4SLuWChxR7afza6fozCoDFEplSxg0V39PpDjSehIFtjPCZqSXvZn4n9dNTHjlp0zEiaGCLBaFCUdGotnraMAUJYZPLMFEMXsrIiOsMDE2oIINwVt+eZW0LiperVK9q5bq11kceTiBUyiDB5dQh1toQBMIPMAzvMKbI50X5935WLTmnGzmGP7A+fwBlMaOfQ==</latexit>

f0(x)

<latexit sha1_base64="5Ra9nLvZWvhDk8yD+NHJEW4J5kA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx6MVjBfsB7VKyabaNzSZLkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDPz249UaSbFvZnE1I/wULCQEWys1Ar7XvnpvF8suRV3DrRKvIyUIEOjX/zqDSRJIioM4VjrrufGxk+xMoxwOi30Ek1jTMZ4SLuWChxR7afza6fozCoDFEplSxg0V39PpDjSehIFtjPCZqSXvZn4n9dNTHjlp0zEiaGCLBaFCUdGotnraMAUJYZPLMFEMXsrIiOsMDE2oIINwVt+eZW0LiperVK9q5bq11kceTiBUyiDB5dQh1toQBMIPMAzvMKbI50X5935WLTmnGzmGP7A+fwBlk2Ofg==</latexit>

f1(x)

<latexit sha1_base64="xcGsIC9WKo/Ke2G7L+OE1+nXbEY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahgpRdKeqx6MVjBfsB7VKyabaNzSZLkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbWV1b38hvFra2d3b3ivsHTS0TRWiDSC5VO8CaciZowzDDaTtWFEcBp61gdDP1W49UaSbFvRnH1I/wQLCQEWys1AzLT2fmtFcsuRV3BrRMvIyUIEO9V/zq9iVJIioM4VjrjufGxk+xMoxwOil0E01jTEZ4QDuWChxR7aezayfoxCp9FEplSxg0U39PpDjSehwFtjPCZqgXvan4n9dJTHjlp0zEiaGCzBeFCUdGounrqM8UJYaPLcFEMXsrIkOsMDE2oIINwVt8eZk0zyveRaV6Vy3VrrM48nAEx1AGDy6hBrdQhwYQeIBneIU3RzovzrvzMW/NOdnMIfyB8/kDroqOjg==</latexit>

f(x, t)
<latexit sha1_base64="+uQyNRflh6ZfpBt0Osl+e4sjuBk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6quNBg==</latexit>y

<latexit sha1_base64="CrLcgGPFPZRKE07vcCRVoa88e2k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP7ZUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+ien53Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcNGo2o</latexit>x0
<latexit sha1_base64="QRlFKTdZFTH2TZmCLuq5ispBsxg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+ien53Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcOno2p</latexit>x1

<latexit sha1_base64="h8imOTn76EUqXirDjEaEdDZDkW4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BPXiMaB6QLGF2MkmGzM4uM71iWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMYXU/95iPXRkTqAccx90M6UKIvGEUr3T91b7rFklt2ZyDLxMtICTLUusWvTi9iScgVMkmNaXtujH5KNQom+aTQSQyPKRvRAW9bqmjIjZ/OTp2QE6v0SD/SthSSmfp7IqWhMeMwsJ0hxaFZ9Kbif147wf6lnwoVJ8gVmy/qJ5JgRKZ/k57QnKEcW0KZFvZWwoZUU4Y2nYINwVt8eZk0zsreeblyVylVr7I48nAEx3AKHlxAFW6hBnVgMIBneIU3RzovzrvzMW/NOdnMIfyB8/kDK2qNvA==</latexit>xD

<latexit sha1_base64="4mSRiAOC1HPbUsbyd7QN48TyFAA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ippX1S9y2qtWavUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4xeNAQ==</latexit>

t

When D is large, f can ignore 
input t and rely solely on x

Not sample efficient since we
split the dataset into groups

<latexit sha1_base64="cwA/D/I0FYrzyVm6JRmZUckW4pk=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbt0s4m7E7GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYxupn7rEbQRsbrHcQJ+xAZKhIIztFK7i0NA1nvqlStu1Z2BLhMvJxWSo94rf3X7MU8jUMglM6bjuQn6GdMouIRJqZsaSBgfsQF0LFUsAuNns3sn9MQqfRrG2pZCOlN/T2QsMmYcBbYzYjg0i95U/M/rpBhe+ZlQSYqg+HxRmEqKMZ0+T/tCA0c5toRxLeytlA+ZZhxtRCUbgrf48jJpnlW9i+r53Xmldp3HUSRH5JicEo9ckhq5JXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx88AJAc</latexit>

✓x

<latexit sha1_base64="i9eO/CG4fWOv860kbHB+t5UigFE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTg9HHGkf++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn83vnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7HkyEJozlBNLKNPC3krYiGrK0EZUsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQwkPMMrvDmPzovz7nwsWgtOPnMMf+B8/gA18JAY</latexit>

✓t

<latexit sha1_base64="cwA/D/I0FYrzyVm6JRmZUckW4pk=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbt0s4m7E7GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYxupn7rEbQRsbrHcQJ+xAZKhIIztFK7i0NA1nvqlStu1Z2BLhMvJxWSo94rf3X7MU8jUMglM6bjuQn6GdMouIRJqZsaSBgfsQF0LFUsAuNns3sn9MQqfRrG2pZCOlN/T2QsMmYcBbYzYjg0i95U/M/rpBhe+ZlQSYqg+HxRmEqKMZ0+T/tCA0c5toRxLeytlA+ZZhxtRCUbgrf48jJpnlW9i+r53Xmldp3HUSRH5JicEo9ckhq5JXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx88AJAc</latexit>

✓x

<latexit sha1_base64="cwA/D/I0FYrzyVm6JRmZUckW4pk=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbt0s4m7E7GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYxupn7rEbQRsbrHcQJ+xAZKhIIztFK7i0NA1nvqlStu1Z2BLhMvJxWSo94rf3X7MU8jUMglM6bjuQn6GdMouIRJqZsaSBgfsQF0LFUsAuNns3sn9MQqfRrG2pZCOlN/T2QsMmYcBbYzYjg0i95U/M/rpBhe+ZlQSYqg+HxRmEqKMZ0+T/tCA0c5toRxLeytlA+ZZhxtRCUbgrf48jJpnlW9i+r53Xmldp3HUSRH5JicEo9ckhq5JXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx88AJAc</latexit>

✓x

Rely heavily on f being correctly specified (i.e. being able to extrapolate)

Figure: Tradeoffs in estimation
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Covariate adjustment with linear models

▶ Lets assume that we model conditional expectations with linear models,

▶ Then Yt(x) = f(x, t) = βx+ γt+ ϵt, E[ϵt] = 0,

▶ We can write out a closed form solution for CATE as follows:

CATE(x) = E[(βx+ γ + ϵ1)− (βx+ ϵ0)]

= E[��βx + γ −��βx ] + E[ϵ1]− E[ϵ0]︸ ︷︷ ︸
0

= γ

▶ ATE = Ex[CATE(x)] = γ

1. Takeaway 1: Goal in causal inference is to estimate γ well! f is a tool
to get us there.

2. Takeaway 2: Often β (coefficients of adjustment set) are referred to as
nuisance parameters.
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Cost of model mis-specification

Consider the following true data generating process:

▶ Yt(x) = f∗(x, t) = βx+ γt+ δx2 + ϵt, E[ϵt] = 0,

▶ ATE = γ

Now, lets say we estimate the following hypothesized predictive model:

▶ Ŷt(x) = β̂x+ γ̂t,

▶ γ̂ = γ + δ E[xt]E[x2]−E[t2]E[x2t]

E[xt2]−E[x2]E[t2]

Mis-specification can result in bias: δ can result in an arbitrarily large bias
in our causal estimate!

Slide credit to David Sontag
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Non-linear functions

▶ Nonlinear functions have a rich history of being used in conditional
outcome modeling in statistics and machine learning:

▶ Random forests and Bayesian Trees (J. L. Hill, 2011; J. Hill, Linero,
and Murray, 2020),

▶ Gaussian processes (Alaa and Van Der Schaar, 2017; Schulam and
Saria, 2017),

▶ Neural Networks (Johansson, Shalit, and Sontag, 2016),
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TAR-Net (Johansson, Shalit, and Sontag, 2016)
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h0

▶ Grouped conditional outcome model is inefficient → TAR-Net uses a
neural network f(x) to learn a shared low-dimensional representation
of high-dimensional data x for both treatment and control,

▶ Treatment head and control head are responsible for modeling
outcomes under different treatment assignments.

▶ In finite samples, what happens when treatment assignment is
predictive of outcome? → Model’s representation can rely solely on
predicting treatment assignment i.e. it learns f(x) = [f1(x), f0(x)].
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TAR-Net (Johansson, Shalit, and Sontag, 2016)
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▶ Additional regularization penalty using an integral probability metric
to ensure that the representation space h(x) is aligned for both
treatment and control groups.
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Questions?

Question

Any questions on parametric estimation?
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Recap - Lecture 4

▶ Identification
▶ Backdoor criteria: Identical to adjustment via the G-formula,
▶ Frontdoor criteria: Using mediators to identify causal effect on

outcomes.

▶ Do-Calculus: Three rules to identify causal effects:
1. Insertion or deletion of observations : Generalization of d-separation,
2. Interchanging actions with observations : Generalization of the backdoor

criteria,
3. Insertion or deletion of actions

▶ Parametric Estimation:
▶ Conditional outcome models
▶ Grouped conditional outcome models
▶ TAR-Net
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